CHAPTER |

Convergence Tests for Series

1.1 Test for Divergence

Recall from the previous chapter that if the terms of a series do not approach zero as n
approaches infinity, then the series is divergent. This is the Test for Divergence, and there
are two possible outcomes. For a series ) 2 ; an:

If lim a, # 0, then the series diverges
n—oo

If lim a, =0, then the test is inconclusive
n—oo

It is important to remember that the Test for Divergence cannot tell us conclusively that a
series converges. Rather, it only identifies series that are divergent.

Example: Apply the Test for Divergence to the series ) >, /nand ) ;°

n1n

Solution: limy_,s v/n = 0o # 0. Therefore, the series Y ;°; /1 is divergent.

limy_,o0 2 = 0. Therefore, the series 3 ° ; 1 may be divergent or convergent. This is the
harmoruc series, which we proved to be divergent in the previous chapter. This is a good
example which demonstrates that just because limy_,+, a, = 0 does not mean the series
is convergent.

1.2 The Integral Test

We were able to determine the exact value of some infinite series because it was possible
to write the nt partial sum, Sn, in terms of n. For example, we determined that the nth
partial sum of Zl 1 21 issp,=1— 2n. However, it is not always possible to do this. How
can we estimate the value of an infinite series in cases where we can’t explicitly write s,
in terms of n?

Consider the series ) 7, 1l2 The first few terms are:

1 1 1 1 1
2yx=ptaptutatat
i=1

The series is decreasing, but is it convergent? Let’s plot this series on an xy-plane (see
figure 1.1).
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1 2 3 4 5 ¢

Figure 1.1: The first 5 terms of ) °; 5

We can overlay the function y = 217 (figure 1.2). We can draw rectangles of width 1 and

height X]—Z (see figure 1.3). The area of the first n rectangles is equal to the n'" partial sum.

1

2"L

12 3 4 5
Figure 1.2: The first 5 terms of } °, % lie on the curve y = Xiz

This should remind you of a Riemann sum. Since the total area of the rectangles is less
than the area under the curve, we can state:

= 1 % 1
;21<J'0 ;dx

We can exclude the first rectangle and also state that:

1

= 1
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area

Figure 1.3: The partial sum ZI‘:]S % is equal to the area of the rectangles

We can evaluate this integral:

And therefore:
= 1
> S <T+1=2

i=1

This means the series } °, 2]—1 is bounded above. Since the series is also monotonic (each
term is positive, so the value of the sum increases as n increases), we can state that the
sum is convergent!

Let’s look at a divergent example: > °, % Again, we will make a visual, but this time

we will draw rectangles that lie above the curve y = % (see figure 1.4). In this case,

> % > [ % dx. Let’s evaluate the integral:

e’} 1 ) t 1
L de-&r{)\o U]\/idx]

= lim [2\/;(} ;1 = tlim <2\/‘E) —2VT=00—2— divergent
- —00

t—o0

Since the integral diverges to infinity and the series is greater than the integral, the series
must also diverge to infinity. This is another case where a monotonic decreasing series is
not convergent!
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area =

Figure 1.4: 2117>I fdx

This leads us to the Integral Test. If f is a continuous, positive, decreasing function on
the interval x € [1,00) and a, = f(n), then the series ) °, an converges if and only if
J7°f(x) dx is convergent. Subsequently, if [{° f(x) dx is divergent, then the series is also
dlvergent

Example: Is the series ) ° convergent or divergent?

i=1 n2+1

Solution: To apply the integral test, we define f(x) = leﬁ, which is a positive, decreasing
function on the interval x € [1, co).

1 vt
J de:limJde
1 x4+ 1 t—oo J1 x4 + 1

ys
= lim [arctanx],_; = lim (arctant) —arctan1 = =
t—oo t—oo 2

13
13

Because the integral [*° '~ dx converges, so does the series ¥, ——.
1T x241 n=1 n241



Exercise 1

Use the integral test to determine if the
following series are convergent or diver-
gent.

1y, 2n3

5
2. 3

) n
3. Zﬂ:1 3n2+1
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'— Working Space —‘

\— Answer on Page 21 4
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Exercise 2

Working Space
Apply the Integral Test to show that p-

series Y °° | -L- are convergent only when

p > 1 (hint: consider the cases p < 0,
O<p<l,p=Tandp>1).

; Answer on Page 21 4

1.2.1 Using Integrals to Estimate the Value of a Series

Recall that } °; a; = aj+az+az+--- = s and that the n'" partial sum, often represented
as sy, is sn = a1+ a2+ - -+ an_1 + an. Then we can define the n'* remainder R, = s — sy..
Expanding s and s,, we see that:

Rp=[lai+a+ - F+ang+an+ang+-]—lar+a+-+an1+ ay

Rn=[lar—ai]+[ay—a]+---+lan1—angl+lan—an] +ang1+an 2+

Ry =any1 +ang2 +angz + -+

Just like the integral test, suppose there is some continuous, positive, decreasing function
such that a, = f(n). The we can represent R, as the right Riemann sum with width
Ax =1 from x = n to oco. Since the rectangles are below the curve (see figure 1.5), we can
state that Ry < [° f(x) dx.

Similarly, we can represent Ry, as the left Riemann sum with width Ax =1 from x =n+1
to co. This time the rectangles are above the curve (see figure 1.6), and we can state that
R, > I:H f(x) dx. Putting this all together, we have an estimate for the remainder, Ry,
from the integral test:
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Figure 1.5: Ry < [° f(x) dx

Suppose there is a function such that f(k) = ay, where f is a continuous, positive, decreas-
ing function for x > n and }_ay is convergent. Then, Lﬁ] f(x)dx < Ry < fﬁo f(x) dx,
where Ry is s — sy.

An+1 an42 | Any3 cee B ;.x_
n—+1

Figure 1.6: Ry > [ f(x) dx

Example: Approximate the sum of the series } 17 ; % by finding the 10" partial sum.
Estimate the error of this approximation.

Solution: Using a calculator, you can find the 10" partial sum:

3 3 3 3 3
Z$:§+?+¥+...+W%3.S93:S1o

Recall that the remainder, Ry is the difference between the actual sum, s, and the partial
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sum, s1g. Using the integral test to estimate the remainder, we can state that:

3 3
= = =0.01
301012 ~ 200 ~ 001

> 3
Rio < J = dx =
10 X
Therefore, the size of the error is at most 0.015.

Example: How many terms are required for the error to be less than 0.0001 for the sum
presented above?

Solution: We are looking for an n such that R, < 0.0001. Recalling that R, < [° X% dx,
we need to find an n such that [° X% dx < 0.0001.

J 2 4x < 00001
X

n

6;7;&;1 < 0.0001
=1~ 0.0001

im — —
x—o0 62 6nZ —

1 1
— = —— < 0.0001
0+ 6n? 6n? —

1 < 0.0006n?
1667 < n?
40.8<n —n =41

Therefore, s — s47 < 0.0001 and the partial sum Z‘T‘J:] % is less than 0.0001 from the value
of the infinite sum ) %
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Exercise 3

'— Working Space —‘

1. Find the partial sum sjo of the se-
ries Y 7, %.

2. Estimate the error from using sio
as an approximation of the series.

3. Use sn+fflilx1—4dx < s < sy +
fflo 73—4 dx to give an improved es-
timate of the sum.

1
4. The actual value of 3 °; -7 is gj.
Compare your estimate with the ac-

tual value.

5. Find a value of n such that s, is
within 0.00001 of the sum.

; Answer on Page 22 4

1.3 Comparison Tests

In comparison tests, we compare a series to a known convergent or divergent series. Take
the series } 7 ; 3w3. Thisis similarto } 77, 37, which is a geometric series that converges

to % Notice that:
1 1
343 3
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o - Z?ﬁsin
0.8 + —- 1, 3n1+3
0.6 t
———————————————— o - @®----®----®
[ )
0.4 t
¢ Y o ® ®
[ ]
0.2
n |

1 2 3 4 5 6
Figure 1.7: Zl 13n+3<21 13n foralln

Which implies that

]
an+3<zn 3n

1. .
n1 33 is also convergent (see figure 1.7).
As you can see, since ) 7, 3% approaches ¥, 5%, 3n1 3 must be < 5 ! and therefore con-

vergent.

Since Y °°; 3 is convergent, it follows that Y o°

1.3.1 The Direct Comparison Test

F For the Direct Comparison Test, we compare the terms a, to b, directly. Take } an
and ) by to be series with positive terms. Then,

1. If an < by and ) by is convergent, then ) a, is also convergent.

2. If a, > by and }_ by, is divergent, then ) ay is also divergent.

We already discussed why the first part is true above. The second part follows a similar
argument: if a, is greater than by, then you can imagine that as }_ b,, grows and diverges,
it is pushing upwards on ) a,, meaning that } a, must also diverge. Consider the series
) 212“. For n > 2, 2Inn > 1, and therefore if ZOO dlverges then ) 21““ must

n=1
also diverge. We recognize the harmonic series ) ° ; - is dlvergent Therefore, Z°° 21“"

is also divergent (see figure 1.8).
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4”571 e IM&
.Zn 2lnn ®
i=1 n
°
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°
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Figure 1.8: Y [ 200 > 571 L form >4

n

1.3.2 The Limit Comparison Test

Consider the series Y °°; 7x—. We may want to compare this to the convergent series

S o, . The direct comparison test isn't helpful here, since 75 > 5, s0 5 o0, 7

doesn’t put a cap on Y 2, 5 like our earlier example (see figure 1.7). In a case such
as this, we can use the Limit Comparison Test, which states that:

If ) anand ) b, are series with positive terms and lim,_, 1% = ¢ > 0, then either both
series converge or both series diverge.

Let’s apply this to the series Y o° | 5x. We know that } 57, 5 converges, since it is a
geometric series with r < 1.

1
N ] 21’1
L <
Aim, I =m0
n
:limzizlim ! = ! =1>0

noo 2t —1 noel1-—-1/2" 1-0

Therefore, by the Limit Comparison Test, } 7, 2711—71 converges.

In general, comparison tests are most useful for series resembling geometric or p-series.
When choosing a p-series to compare the unknown series to, choose p such that the order
of your p series is the same as the order of the unknown series.

oo \/T13+] to?

Example: What p-series should one compare the series } 7, s¥-5 5

Solution: We can determine the order of 5 375 — % by looking at the highest-order terms
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in the numerator and denominator:

vn3  nd? 1
Py Y7
Vn3+1 1

So we should compare ) °° to the convergent p-series } 1 — .

n=1 3n34+4n242

Example: Is 3 °; s30-5 5 V+4n+21+2 convergent or divergent?

Solution: We have already determine that we should compare this series to } 7, #

To apply the limit test, we need to evaluate

Vn3+1
lim 3n3+4n242
n—oo =7

e WAV
n=o0 3n3 +4n2 + 2
Vné 4+ nl 1

Iim ————=->0
ngrgo3n3+4n2+2 3 =

Vvn3+1

n=1 34an2ss 18 convergent because the p-

Therefore, by the Limit Comparison Test, } >
series ) 07, # is convergent.
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Exercise 4

. . Working Space
Use the Comparison Test or the Limit

Comparison Test to determine if the fol-
lowing series are convergent or divergent.

1
L 2ol
2. 3% shoe

3 ZOO nsm n

n=1 14n3

; Answer on Page 22 4

1.4 Ratio and Root Tests for Convergence

1.4.1 Absolute Convergence

Suppose there is a series ) .~ ; an, then there is a corresponding series ) ; lan| = |aj| +
laz] + laz| +---. If 3 27, lan| is convergent, then the series ) -, an is called absolutely
convergent.

Example: Consider the alternating series

2 (1) 1

n=1

Is this series absolutely convergent?
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Solution: We examine the corresponding series where we take the absolute value of each

term:

S el

n=1 n=1
We can identify Y °°; - as a convergent p-series. Since Y °°; - is convergent, we can
state that ) - % is absolutely convergent.

(1!

Example Is the convergent series ) 7, absolutely convergent?

Solution We consider the sum of the absolute values of the terms:

>S5 g

n=1

You should recognize this as the harmonic series, which is divergent. When a series is
convergent but the corresponding series of absolute values is not, we call it conditionally
convergent.

We won't prove the theorem here, but it is useful to know that if a series ) ;7 ; a, is abso-
lutely convergent, then it is convergent. You can prove this yourself using the Comparison
Test.

Exercise 5
) ) Working Space
Is the series given by

cosl cos2 cos3
7 T T

convergent or divergent?

; Answer on Page 23 4



Section 1.4 RATIO AND ROOT TESTS FOR CONVERGENCE 15

Exercise 6

) Working Space
Determine whether each of the follow-

ing series is absolutely or conditionally
convergent.

(=nm
LY sz

PEDINRE To

n=1 4n

3. TS (- Ry

; Answer on Page 23 4

1.4.2 The Ratio Test

The ratio test compares the (n + 1) term of a series to the n'"* term and takes the limit
as n — oo of the absolute value of this ratio:

An+1
an

lim =L
n—oo

There are three possible outcomes of the ratio test:

1. if L < 1, then the series ) .° ; an is absolutely convergent (and therefore convergent).

2. if L = 1, then the ratio test is inconclusive and we cannot draw any conclusions
about whether ) ° ; an is convergent or divergent.

3. if L > 1 or limp_eo a;‘:‘ = 00, then the series ) 7, an is divergent.
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Example: Apply the ratio test to determine if } 7, (—1)"% 3,1 is convergent or divergent.

Solution: 1 \
_] n+ ]
i ||y (U123
n—oo (—13)“T13 nSoco 3] n3
_ 1 m+1)3 3"
Tl n3 3.3m

= lim nthy 1.1 im ntly_ 1 1_1
 nooo n 3 3n-c n 3 3
Since L < 1, the series ) ”;(—1)" g‘—

The ratio test is most useful for series that contain factorials, constants raised to the nt"
power, or other products.

Exercise 7

Working S
[This question was originally presented oIS Space

as a multiple-choice, no-calculator prob-
lem on the 2012 AP Calculus BC exam. ]
Which of the following series are conver-
gent?

1. Zn 1 n'
2. Zn 1n1oo

o] +1
3. Xt M me)

; Amnswer on Page 24 4
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Exercise 8

Working S
[This question was originally presented oriHg space

as a multiple-choice, calculator-allowed
problem on the 2012 AP Calculus BC exam.]If
the series 7° ;a, converges and a, > 0

for all n, which of the following state-
ments must be true? Explain.

An+1
an

—_

. Jan] < 1forallmn

2 an=0

[o'e) .
> nojmnay diverges

S

x a
D o1 G converges

; Answer on Page 24 4

1.4.3 Root Test

The root test examines the behavior of the nt"* root of a, as n — co. Similar to the ratio
test, there are three possible outcomes:

1. If limp 00 V/lanl = L < 1, then the series ) 17 a, is absolutely convergent, and
therefore convergent.

2. If limy o Vlanl =L > 1 or limp 00 V/]an| = oo, then the series } 7, an is diver-
gent.

3. If limy 0o V/|an| =L =1, then the Root Test is inconclusive.

The root test is best when there is a term or terms raised to the n'" power. Consider the

series Y o0, ()™

2n+3

n -
sht2)” convergent or divergent?

Example: Is the series ) 7 ; (

Solution: Since a, consists of terms raised to the n'™ power, we will apply the root test
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n+3\"
n+2
2n+3

Therefore, by the root test, the series ) 17, ( n +2)n is convergent.

for convergence:

= lim 2n—|—3_%<1
C nSeo3n+2 3

n

lim
n—oo

Exercise 9

. Working Space
Use the Root Test to determine whether

the following series are convergent or di-
vergent.

3n241\"
1. Z?‘Lo:] ($z_+4 )
(=nn
2' Z‘rolO:] (lnn)"
2

3.y, (1+40)"

; Answer on Page 24 4

1.5 Strategies for Testing Series

When testing series for convergence, we want to choose a test based on the form of the
series. While you may by tempted to try each test one-by-one until you find an answer,
this quickly becomes cumbersome and time-consuming. Additionally, if you plan to take
an AP Calculus exam, you need to be able to quickly choose an appropriate test as to
conserve the time you have available for the exam. Here are some tips:

1. Check if the series is a p-series () 17 ; n]—p) If so, then if p > 1 the series converges.
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Otherwise, the series diverges.

2. If the series is not a p-series, check to see if you can write it as a geometric series
(>, ar™ T or Y %, ar"). Recall that geometric series are convergent if |r| < 1 and
divergent otherwise.

3. If the series can’t be written as a p-series or geometric series, but has a similar form,
consider the comparison tests (the Direct Comparison Test and the Limit Compari-
son Test). When choosing a p-series to compare your series to, follow the guidelines
outlined in the Comparison Tests section above.

4. If you can see at a glance that lim,,_,o, an, # 0, then apply the Test for Divergence
to show the series is divergent. REMEMBER: limy_,o, an, # O implies the series
Y 22, an is divergent, but limp 0 an = 0 DOES NOT necessarily imply the series
> 72, an is convergent.

5. If the series is alternating (has (—1)" or (—1 )™~ in the term), the Alternating Series
test may provide an answer.

6. The Ratio Test is excellent for series with factorials, other products, or constants
to the nth power. Remember that the Ratio Test will be inconclusive for p-series,
rational functions of n, and algebraic functions of n.

7. If a, is of the form (b,)™, use the Root Test.

8. If an, = f(n) where f(n) is continuous, positive, and decreasing and you can evaluate
77 f(x) dx, use the Integral Test.

You don’t need to treat this as a checklist, where you check for every condition. Rather,
you should use this as a guide to quickly determine the convergence test most likely to be
useful.
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Exercise 10

) . Working Space
Choose an appropriate test to determine

if the series is convergent of divergent.
Apply the test and classify the series as
convergent or divergent.

LyYv, 5
2
PR
0o 1
Zn:Z nvinn

2
4.5 2 (Z)"

s (va-)

N

©

o

; Amnswer on Page 25 4
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org/) for more details.
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APPENDIX A

Answers to Exercises

Answer to Exercise 1 (on page 5)

1. The function 2x 3 is positive and decreasing for x € [1, c0). ffo 2x 3 dx = limy_, o0 ﬂ 2x 3 dx =
limy o0 [—x 2] 1:] = lim¢_00(—t72)——(1)72 = 0+1 = 1. Since the integral [}° 2x 3 dx
converges, the series ) 2n-3 is also convergent.

2. The function % is positive and decreasing for x € [1,00). [7° % dx = lim_,o ﬁ % dx
Using u-substitution to evaluate the integral, we set u = 3x — 1 and find that

du = 3dx — dx = 4. Substituting, 1325 dx = [227 31 du. Evaluating the in-

tegral, [*} 3l du = JInuf=} = $In3x+ 1L Subst1tut1ng this back mto the limit,
I sy dx = hmt—>oo 3 1r13X—l- 1t = lim 03 In3t+ 1] — 3In4 = 0o — 3In4 = oo.

5

Therefore, the integral [° 32+ dx is divergent and so is the series ) 7 32+

ion —X _x
3. The function 53 5 32T

Applying the substitution u = 3x?+1and 4 du = x dx, we see that lim;_, ﬁ ﬁ dx =

is positive and decreasing for x € [1, 00). ffo dx = im0 ﬁ ﬁ dx.

limi_e0 fX . 6u du = limy_,o | elnuf=t = hmtﬂoo zIn 3% + 118 = limy 0 [% In3t2 + 1]-

1In4 = co. Therefore the integral [7° dx is divergent and so is the series

3X2+1
Z°° 2T
n=13n241"

Answer to Exercise 2 (on page 6)

1. If p <0, then limy 0 n]—p # 0, and the series fails the Test for Divergence. Therefore,
a p-series is divergent if p < 0.

2. If p > O, then f(x) = Xip is continuous, positive, and decreasing on the interval
x € [1,00) and we can apply the integral test. So we want to know, when is [° 1 dx
convergent? When p =1, foo 1dx = Inx[}=3° = limi,ooInt —In1 = oo and the

integral and p-series are both dlvergent

3. What about when 0 < p < 17 Then the integral [7° -1
limt o0 1]p X PREY = limy o0 1 - 1= <i) (im0 (%) —1]. When 0 < p <

dx = limi_eo f] xPdx =

xP— T—p tp—1
1, then 1 —p > 0 is positive and hmtHoo ﬂ% = lim_00 t' P = 00 and the integral
diverges. Therefore, p-series are divergent for 0 < p < 1.

21
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4. When p > 1, then [{°

lim e tp% = (0. Therefore, f] Xp dx converges to =7 when p > 1, and therefore
the p-series is convergent when p > 1.

XP P

L ax = (—) [limy o0 (ﬂj r) —1] Whenp >1,p—1>0and

Answer to Exercise 3 (on page 9)

1. s10= 15 + 35 + - + 10 ~ 1.082037.

2. Ryp < [15 o dx = 75120 = limy 00 325 — 3757 = 3000 = 0-000333. Therefore, the
error is less than 0.000333.

3. Given s1o ~ 1.082037, we can say that 1.082037 + IOL dIdx < s < 1.082037 +
oo — dx. Using a calculator to evaluate each integral, we see that: 1.082037 +
0.000250 < s < 1.082037 + 0.000333 and therefore the sum is between 1.082287
and 1.082370.

4. Writing the actual value as a decimal, 7, 90 ~ 1.082323, which is in the estimate win-
dow from the previous part.

5. We are looking for an n such that J"io 73—4 dx < 0.00001. limy_s % — % = 31? <

0.00001. 100,000 < 3n3. 33,333.33 < n3. 32.183 < n. Since n must be an integer,
n = 33 gives R, < 0.00001.

Answer to Exercise 4 (on page 13)

1. This is similar to }_;”; -, which is divergent. Unfortunately, = > so we can't

\/71
use the direct comparison test. We will try the limit comparison test:

=1>0

1
. v 1 ny n L 1 1
hm(v )—,}ggo(nz+1 ) R =

Therefore, since ¥ > 1 diverges, so does ¥ &, ———.
n=1n n=1 /n211

2. This series is similar to the convergent geometric series ) . (%) Given that:

y_m
10/ 10m " 3410n
Since 775 < (75)" and Y22, ({5)" is convergent, by the direct comparison test,

> % is also convergent.
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3. We can compare this to the convergent p-series ) .~ % Noting that sin’n < 1:

nsin’n - nsin’n <M 1
1+nd n 3 n?
2
Because “fjr% < zforalln>1and } 2 is convergent, we can state by the
direct comparison test that ) 7, “]Sjr“ SLEE also convergent.

Answer to Exercise 5 (on page 14)

ST 2

We can write the series as 3 2| “". Since n is real, we know that n® > 0 and we

cosm| — §7% |Cflszn|. Additionally, cosn| < 1 for all n, and there-

can say that Zn .
fore ‘COS Mo 1 We know the series Y °°; -, is convergent. And since we have shown

that Zn : ‘Cflsn‘ < Y 22, -5, by the comparison test Y 7 , leosnl s convergent. Therefore,

n2

D ooy 95t is absolutely convergent and therefore convergent

Answer to Exercise 6 (on page 15)

1. Conditionally Convergent > ‘ 5 Jig =3, Sn 17 Applying the integral test to
this sum: L 3X+2 dx = lim{_ e L 3X+2 dx = [ In3x + 2] = limtHoo In3x+2] —
In3(1) —2 = co — 0 = co. Since f] I +2 dx is divergent, Zn 1 3n+2 is divergent and

oo (=N
2 no1 3ng2 is conditionally convergent.

2. Absolutely Convergent >y ‘sm“ < ¥y, 41,1 Applylng the 1ntegra1 test to

0o 1. oo _ _ 1
Dot f] 4x dx = lim¢ 00 77 1n4|x—1 = lim 00 [4t ln4] Tna ln4 =0+ 4ln4 = ZInd-

Since L = dx is convergent the series Y o° | ;& is also convergent. And since

] sinn sinn sinn
oo |ERr < Y, gk, Y0, |8 is also convergent, which shows that ) 2 S
is absolutely convergent.

n—1_2n
n2+4

3. Conditionally Convergent. We are asking if the series ) .7, ‘ —1) ‘ is con-

vergent. ) 7, ‘(—1 ! n%h‘ =y, "7 We will apply the Limit Comparison test
2n
el 111 hmn_wo n2l+4 —

n—1_2n ’

and compare this series to the known, divergent series > -

limp 00 2 a1 = =2 > 0. Therefore, by the Limit Comparison test, } 7 ‘ =15 g

is divergent AND ) >° ] n%'}r 7 is conditionally convergent.
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Answer to Exercise 7 (on page 16)

Series 1 and 3 converge

gntl
1. We apply the ratio test: limy_,o (“%f L = limp 00 % . ;T’L = limn 00 % = 0.
Therefore, the series converges.
(nH])éo n! 100 100
2. We apply the ratio test: limy_, o (“ﬁ]lio =limy 00 %ﬂnl = limn—00 (n%r]) .
(M+1) =limn_e (T:i% = 0o. Therefore, the series diverges.
; ) +1 _ 1 _ 1
3. We al;:ply the comparison ’cest.1 ) (niz)(n;rs) —1 DR (n+21)(n+3) = (n+2)(1n+3) +
1 . [e%e) [oe)
T3] = n2i5n6 T nisniien = n? T p3- Theseries j 7 oy and 3 (7, o5 are

both convergent, because they are p-series with p > 1. Having established that

p m <Yy, L+ -Landthat Y 22, -+ 5 converges, by the compar-
ison test we can state that } >, WM converges.

Answer to Exercise 8 (on page 17)

1. This is not necessarily true. For a convergent series, the result of the ratio test is
L < 1, so the limit could be # 0.

2. This is not necessarily true. Consider the geometric series 3 ; 2(1)"~". This series

is convergent because the common ratio is less than one, but the first term is 2( % )0 =
2>1.

3. This is not necessarily true. Again, consider the geometric series } 7, 2(%)“*1,
which converges to 4 # 0.

4. This is not necessarily true. Consider the p-series } n]—4 Then the series y 02, n.-!

> %, 5 is convergent.
. . o0 a o0 . o0

5. This must be true. By the comparison test, 3} 77, < 3 *,a,. Since ) 7, an

converges, so much ) °, nan.

Answer to Exercise 9 (on page 18)

o0 n

1. lim;2,

3n2+41 n — lim®® 3n241 -3 1. Th £ th : o0 3nZ41 .
W) | =HmR2, 255 =3 > 1. Therefore, the series y_ 7 (251 ) is

nt =
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divergent.
2. limy o0 {f lnn v/ lnn = limn_,00 = hn = % = 0 < 1. Therefore, the
series ) 0 W is convergent.

3. limp_yeo | ‘(1 + %)nz = limn 00 (1 + %)n = e > 1. Therefore, } (1 + %)n is

divergent.

Answer to Exercise 10 (on page 20)

1. Divergent. Since there is a constant to the n'" power and an algebraic function of

en+1 nZ . e.e

n, we will try the Ratio Test. limp_;00 = limn o0 T e = limy 00 S5 -

an+1
an

2 . 2 n o, .
()" =limy e (27) =e- 12 = e > 1. Therefore, 5 °°, ¢ is divergent.

In+1

2. Convergent. Since there is a factorial, we will try the Ratio Test. limn o0 |5

3T 412 . 3-3n ! +1\2 _ 1 3(n+1)2 3(n+1)
GESD) '3;1“2 =limp 7311 _(nr])n‘_(nn ) = limn 00 ntnZ — =limp 0 =

n2
0 < 1. Therefore, the series Z =~ is convergent.

limy 00

3. Divergent Since [3° - F

Iz . W dx = lim¢_,e0 fz dx Setting u = lnx then du = ¢ and \lﬁdx =

\}ﬁdu. Then we can say that fz m dx = lim{_,0 f \f du = lim¢ 00 (5 ) VuliZh =
im0 (%1) Vin xz = (%1) lim¢_,oo VInt — (%1) VIn2 = oo. Since the integral di-

verges, so does the series.

4. Convergent Since this series has terms to the n'" power, we will try the Root Test.

li — 1 ) =i E -
iMoo §/|(57)" | = limnooo {/ (F37)" " = iMoo (F47) ™ = 1mn—>0<>(n+1) =

limp_ e % = < 1 Therefore, by the root test, the series is
1+ limn o <1+ )

convergent.
5. Convergent. This series also has terms raised to the n'" power we will try the Root

n/n
Test again. limn o {/ — 1 = limn 00 } / — 1 = hrnn_m V2 — 1) =

limp o0 (ﬁ ) = hmn_,oo 21/ " 1=1-1=0<1. Therefore, the series con-
verges.
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