
Chapter 1

Partial Derivatives and
Gradients

This chapter will introduce you to partial derivatives and gradients, equipping you with
the tools to study functions of multiple variables. We will explore how these concepts
provide valuable insights into optimization, vector calculus, and various fields of science
and engineering.

Partial derivatives come into play when dealing with functions that depend on multiple
variables. Unlike ordinary derivatives that consider changes along a single variable, partial
derivatives focus on how a function changes concerning each individual variable while
holding the others constant. In essence, partial derivatives measure the rate of change of
a function with respect to one variable while keeping the other variables fixed.

The notation for a partial derivative of a function f(x, y, . . .) with respect to a specific
variable, say x, is denoted as ∂f

∂x . Similarly, ∂f
∂y represents the partial derivative with respect

to y, and so on. It is essential to remember that when taking partial derivatives, we treat
the other variables as constants during the differentiation process.

The gradient is a vector that combines the partial derivatives of a function. It provides a
concise representation of the direction and magnitude of the steepest ascent or descent of
the function. The gradient vector points in the direction of the greatest rate of increase of
the function. By understanding the gradient, we gain insights into optimizing functions
and finding critical points where the function reaches maximum or minimum values.

Throughout this chapter, we will explore the following key topics related to partial deriva-
tives and gradients:

• Calculating partial derivatives: We will delve into the techniques and rules for com-
puting partial derivatives of various functions, including polynomials, exponential
functions, and trigonometric functions. We will also explore higher-order partial
derivatives and mixed partial derivatives.

• Interpreting partial derivatives: Understanding the geometric and physical inter-
pretations of partial derivatives is essential. We will discuss the notion of tangent
planes, directional derivatives, and the relationship between partial derivatives and
local linearity.

• Gradient vectors and their properties: We will introduce the gradient vector and its
properties, such as its connection to the direction of steepest ascent, its relationship
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with partial derivatives, and how it relates to level curves and level surfaces.

• Applications of partial derivatives and gradients: We will explore various applica-
tions of these concepts, including optimization problems, constrained optimization,
tangent planes, linear approximations, and their relevance in fields like physics, eco-
nomics, and engineering.

By grasping the concepts of partial derivatives and gradients, you will unlock a powerful
mathematical framework for analyzing and optimizing functions of multiple variables.
These tools will equip you to tackle advanced calculus problems and gain deeper insights
into the behavior of functions in diverse fields.

This is a draft chapter from the Kontinua Project. Please see our website (https://kontinua.
org/) for more details.

https://kontinua.org/
https://kontinua.org/


Appendix A

Answers to Exercises
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