CHAPTER |

The Fundamental Theorem of
Calculus

The Fundamental Theorem of Calculus (FTC) is a theorem that connects the concept
of differentiating a function with the concept of integrating a function. This theorem is
divided into two parts:

1.1 First Part

The first part of the Fundamental Theorem of Calculus states that if f is a continuous
real-valued function defined on a closed interval [a, b] and F is the function defined, for
all x in [a, b], by:

F(x) = fo(t) dt (1.1)

Then, F is uniformly continuous and differentiable on the open interval (a, b), and F/(x) =
f(x) for all x in (a,b). (That is F(x) is the antiderivative of f(x).)

1.2 Second Part

The second part of the Fundamental Theorem of Calculus states that if f is a real-valued
function defined on a closed interval [a, b] that admits an antiderivative F on [a, b], and f
is integrable on [a, b] (it need not be continuous), then

Jb f(t) dt = F(b) — F(a). (1.2)

Jb f(t) dt = F(t)2 (1.3)

Which means “F(t) evaluated fromt=atot="b".
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2  Chapter 1. THE FUNDAMENTAL THEOREM OF CALCULUS
1.3 FTC and Definite Integrals

Let f be a function that is continuous on the interval x € [a, b] and g(x) is given by:

Proof: Let x and x + h be in (a, b). Then,

f(t) dt — JX f(t) dt

a

x+h

g(x +h) — g(x) —J

a

Recall from the chapter on definite integrals that we can split the first integral, rewriting

it as:
X

f(t) dt + r+h f(t) dt] — r f(t) dt

X a

glx+ 1) — glx) = U

: x+h
g(x+h)—g(x) :J f(t) dt

X

And for h #£ 0:

Since f is continuous, there is some u in (a,b) such that f(u) = m, where m is the
minimum value of f on the interval (a, b). Similarly, there is also some v such that f(v) =
M, where M is the maximum value (see figure ??). Then we can state the true inequality

that:
x+h

mth f(t) dt < Mh

X

And therefore (assuming h > 0):

1 x+h
f(u)shL f(t) dt < f(v)

Substituting the equation above for the integral, we see that:

) < SN =90 g
h
If we let h approach zero, then the window that u and v are in collapses and u and v both

approach x. Therefore,
lim f(u) = lim f(u) = f(x)

h—0 u—x
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Recall also that
. o
fmy =90

g(x+h)—g(x)
h

Then taking the limit as h — 0 of the whole inequality becomes the Squeeze Theorem:

lim f(w) < lim IXFM 90D v
h—0 h—0 h h—0

f(x) < g'(x) < f(x)

And therefore if g(x) = fz f(t) dt, then g’(x) = f(x). Notice it doesn’t matter what a is!
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Figure 1.1: f(v) = M, the maximum value, and f(u) = m, the minimum value on the
interval x € [a, b]
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Exercise 1

Working S
[This question was originally presented oriHg space

as a no-calculator, multiple-choice prob-
lem on the 2012 AP Calculus BC Exam. ]
Let g be a continuously differentiable func-
tion with g(1) = 6 and ¢’(1) = 3. What

is the value of lim,_;

(A) 0
(B) 5
)1
(D) 2

Jigmdt,
glx)—6 ~

(E) The limit does not exist

\— Answer on Page 11 4

1.4 The Meaning of the FTC

What the Fundamental Theorem of Calculus is really saying is that differentiation and
integration are opposite processes. Mathematically, we can say

d X
J f(t) dt = f(x)
dx J,

This may seem clunky, but many useful functions are defined this way. Consider the

Fresnel function, S(x) = [{ sin "tTZ dt. Originally used in optics, this equation is also used
by civil engineers to design road and railway curves. According to FTC, then, S'(x) =
sin 7%2

We can also apply the Chain Rule when taking derivatives of integrals. Let f(x) =
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ﬁ4 sect dt. What is f’(x)? First, let us define u = x*. By the Chain Rule,

4

X gu8
dJ sectdt = ;J sectdt

dX 0 X 0
d du
= — tdt)—
du[Jo sect dt] dx
= secu—u
B dx

Noting that % = %x“ = 4x3,
/(x) = secx*(4x3)

1.4.1 FTC Practice

Exercise 2

Working Space
Use the Fundamental Theorem of Calcu-

lus to find the derivative of the function.

1 glx)=[fVt+tadt
2. F(x) = fg V1 +sectdt
3. h(x) = [ Intadt

4 y=J7 0tan0do

; Answer on Page 11 4

1.5 Using Antiderivatives to Evaluate Definite Integrals

In everyday English, the FTC states that the integral from a to b of a function is the an-
tiderivative of that function evaluated from a to b. In the previous chapter, the integrals
presented were of linear functions where the area under the curve could be equally cal-
culated by hand. The FTC connects integrals to antiderivatives, allowing us to evaluate
more complex integrals. Consider the following example:
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P(t) (kW)
2,000 +
1,500 +
1,000 +
500 |
t (h
6 12 18 24
Figure 1.2: Power consumption of a household in a day
The power consumption of a household can be modeled as P(t) = ﬂ—otz(t —24)2 fromt=0

to t = 24, where P is measured in watts and t is measured in hours (t = 0 is midnight).
The total energy the household uses is given by f§4 P(t) dt. As you can see from the graph
(see figure 1.2), we cannot simply use our geometry skills to determine the area under
the curve.

To determine the total energy use, we need to evaluate 54 T5t2(t — 24)% dt. First, we ex-
pand the polynomial:

1

24 24
:
Eior = J t2(t2 — 48t +576) dt = — J t* — 483 4+ 576t dt
10 J 10 Jo
1 24 4 24 24 288 24
= — | ttat—=| Pat+ | ttdt
10 Jo 5 L M L

Using the Power Rule to determine the antiderivatives of t*, 13, and t2, we see:

:l[1t5

o 24 24[1 4] 24 288 1 3”24
105

15 5 iyt + ?[gt o = 26542.TWhr = 26.5421kWhr

1.5.1 Definite Integrals Practice
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Exercise 3

Evaluate the following integrals:

1 [jt32dt

Exercise 4

[This question was originally presented

as a multiple-choice, no-calculator prob-
lem on the 2012 Calculus BC exam.] The
graph of a differentiable function f is shown
in the graph. h(x) = [§ f(t) dt. Rank the
relative values of h(6), h/(6), and h”(6)
from lowest to highest.

2,,

f(x)

],,

'— Working Space —‘

Answer on Page 11 4

'— Working Space —‘

\— Answer on Page 11 4
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Exercise 5

. . Working Space
The graph of f’ is shown in the graph

and consists of a semi-circle and two line
segments. If f(2) = 1, then whatis f(—5)?

.
(-5.2) 2 (52)
1
X
54301 j 345
o

\— Answer on Page 12 4

Exercise 6

_ ) o Working Space
[This question was originally presented
as a calculator-allowed, multiple- choice
question on the 2012 AP Calculus BC
exam.| A particle moves along a line so
that its acceleration for t > 0 is given by
a(t) = \/t:g% If the particle’s velocity
at t = 0 is 5, what is the velocity of the
particle at t = 37

\— Answer on Page 12 4

1.6 Average Value of a Function

The average value of a function, f, on an interval [a, b] is given by:

Average Value of a Function
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Example: Find the average value of f(x) =3 + x? on the interval [—2, 1].

Solution: Taking a = —2 and b = 1, we have:

favg = 1_](_2) le 3+ ax

Therefore, the average value of f(x) =3 + x? on the interval [—2, 1] is 4.

Exercise 7
_ ) o —— Working Space
[This question was originally presented ‘
as a multiple-choice, calculator- allowed
problem on the 2012 AP Calculus BC Exam. ]
What is the average value of y = /cosx
on the interval 0 < x < 37?

\— Answer on Page 12 4

This is a draft chapter from the Kontinua Project. Please see our website (https://kontinua.
org/) for more details.
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APPENDIX A

Answers to Exercises

Answer to Exercise 1 (on page 4)

x 1
(D) 2. First, we try to compute the limit directly: lim,_,; ) ;(i()t_)gt _ 0 g(jé] = o' which
is undefmed Because g is contlnuous and differentiable, we can apply L'Hospital’s rule.
: Ji9 Iig _ gx) _ 9(6) _ 6 _
limy_y; ;( ) 6 —1 My 1 3x [ ;(X) ] lim, 9x) — 9’6 3 = 2.

Answer to Exercise 2 (on page 5)

1. ¢g/(x) = Vx+x3
2. F(x) = — fg v 1+ sectdt and therefore F/(x) = —v/1 + secx

3. setting u = e* and noting ¢ = ¢*, then h/(x) = & [['Int dt($) Taking the deriva-
tive and substituting for a we find h/(x) =lnu-e*=1In(e*) - e* =x - e*

dx’
4.y = —fﬁetanﬁ de. Setting u = \/72 and noting that 4 = #, we see that y’ =
—4 fﬂ Otan 0 do] ¥ = utanu - —y/xtan y/x - 2\/ 7\[239“[ —Jtan /x

Answer to Exercise 3 (on page 7)

3/2 _

1. The antiderivative of t—
—1+2=1.

is ;—2{ Therefore, the integral is equal to [;—ZE]‘I1 ==~ %

Sl

Answer to Exercise 4 (on page 7)
According to FIC, h/(x) = f(x) and h”(x) = f’(x). Examining the graph we see that

the curve lies below the x-axis for 0 < x < 6, which means that h(6 fo t)dt < 0.
h/(6) = f(6) =0 and h”(6) = f/(6) > 0. Therefore, h(6) < h/(6) < h”(6)
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Answer to Exercise 5 (on page 8)

We know that f(2) = fis ’(x) dx+f(—5). Examining the graph, we know that fi,) f/(x) dx =
frac12(3)(2) — %W(ZZ) (the area of the triangle above the x-axis less the area of the semi-
circle below the axis). Therefore, f(—5) = f(2) — fis f'(x)dx=1—(3—2n)=2n—2

Answer to Exercise 6 (on page 8)

11.71. The particle’s velocity will be given by its initial velocity plus the integral of its

acceleration over the time period. Therefore, v(3) = v(0) + fg a(t)dt =5+ fg \/t:g% dt =~
5+6.71=11.71.

Answer to Exercise 7 (on page 9)

We begin by setting up the integral for average value of a function with a =0, b = 7, and

f(x) = y/cos x:

1 /2
/20 J v/cosx dx
—VUlJo

2 /2
:nJ v/cosx dx

0

There’s not an obvious way to evaluate this integral by hand. Luckily, this question allows
for the use of a calculator. Entering this integral into a calculator (such as a TI-89 or
Wolfram Alpha), we find that:

2 /2
— v/cosx dx ~ 0.763
7T

0
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il

S/

NDEX

fundamental theorem of calculus, 1
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