CHAPTER |

Applications of Double Integrals

1.1 Total Mass and Charge

Suppose there is a generic, thin layer (called a lamina) with a variable density that occupies
an area B (see figure 1.1). Further, let the density of the lamina be described by a function,
p(x,y), which is continuous over B. For some small rectangle centered at (x,y), the density
is given by:

Am

p(x,y) = AA

Where Am is the mass of the small rectangle and AA is the area. Then the mass of the
rectangle is given by:
Am = p(x,y)AA

Figure 1.1: A generic lamina that occupies the region B

We can find the mass of the entire lamina by dividing it into many of these small rectangles
and adding the masses of all the rectangles (see 1.2). Just like in previous examples, there
is some point (x;"j,yfj) in each rectangle, R;j, such that the mass of the part of the lamina
that occupies Ryj is p(xfj,yfj JAA. Adding all these masses yields:
m n
Miotal & ) p(x5j,y5)AA

i=1 j=1

1



2 Chapter 1. APPLICATIONS OF DOUBLE INTEGRALS

Taking the limit as m,n — oo increases the number of rectangles to yield the true total

mass:
m n

Mt = lim 33 lov 100 = || otxu)an
i=1 j=

(x, v3)

Figure 1.2: A generic lamina divided into many rectangles

Example: Find the total mass of a lamina that occupies the region D = {(x,y) |1 < x <
3,1 <y < 4} with a density function p(x,y) = 3y*.

Solution: We know that the total mass is given by:

H 3y?dA
D
Applying Fubini’s theorem, we see that:
3 04
H 3y?dA = J J 3y? dy dx
D 1

P e

3
= J 63 dx = 63x[X=3 = 126
1
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Exercise 1 Finding Total Mass
) , ———— Working Space

Find the mass of the lamina that occu- ‘

pies the region, D, and has the given den-

sity function, p.

1.D={xy)l0<x<40<y<
3p(x,y) =1+x* +y?

2. D is the triangular region with ver-
tices (0> O)/ (2) ])/ (O) 3); p(x,y) =
x+y

; Answer on Page 15 4

This method applies not only to mass density, but any other type of density. Some exam-
ples could include animals per acre of forest, cells per square centimeter of petri dish, or
people per city block. A density physicists are often interested in is charge density (that
is, the amount of charge, Q, per unit area). Charge is measured in coulombs (C). Often,
charge density is given by a function, o(x,y), in units of coulombs per area (such as cm?
or m?). If there is some region, D, with charge distributed across it such that the charge
density can be described by a continuous function, o(x,y), then the total charge, Q, is
given by:

Q= ”D o(x,y) dA

Example: Charge is distributed over the region B shown in figure 1.3 such that the charge
density is given by o(x,y) = xy, measured in C/m?. Find the total charge.
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> X

Figure 1.3: A triangular region over which charge is distributed such that o(x,y) = xy
Solution: We know that total charge is given by:
Q= ” xy dA

B
Examining figure 1.3, we see that:

11

” xydA:J J xy dy dx
B 0 J1—x

R i T

1 2
, 20x<2x—x)dx
O, s T2 1, 12 1\ 5
_ZLZX xdx—2[3x—4x o 2\37 % _24C

1.2 Center of Mass

For a thin disk (lamina) of variable density in the xy-plane, the coordinates of the center
of mass, (X,V), are given by:

L HD xp(x,y) dA

X =
m

—1H (x,y) dA

y_m Dyp )U

Where m is the total mass and p is the density of the lamina as a function of x and y.

Example: Find the center of mass of a triangular lamina with vertices at (0,0), (2,0), and
(0,1) and a density function p(x,y) = 2 + x + 3y.
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Solution: We begin by visualizing the region so we can determine if it is type I or type II:

Y

0,1)
y = 1( 3

@9

[ (0.0)

Recall that the total mass is given by m = [[, p(x,y) dA. As shown above, we can define
D={(xy)0<x<2,0<y<1-3k

2 r1—x/2 2 3 y=1-—x/2
m:JJ (2+x—|—3y)dydx:J [2y+xy+y2] dx
0Jo 0 2 y=0
2 2 2

X 3 7 3x x
= [20=-2 T—)+2(1=3) =] |- —=
[, [2r=3ex =303 e[ [-F 5]

Finding x:

3 (2 (1-x/2
X=—— J [Zx+x2+3xy] dy dx
11 Jo Jo
3 (2 3 y=1-x/2
i:— [ny—i—xy—l— Xy] dx
11 2 0
Y
X_3r X3
11y L2 2 8

And we can similarly find y:

K=
Il

1
- 2 3y) dA
mﬂDy( +x + 3y)

3 1—x/2
gz— [2y+xy+3y}dydx
11 )0 Jo

3 3 y=1-x/2
1J y+2y +y}_o dx



6 Chapter 1. APPLICATIONS OF DOUBLE INTEGRALS



Section 1.2 CENTER OF MASS 7

Exercise 2 Center of Mass

) Working Space
Find the center of mass of

1. alamina that occupies the area en-
closed by the curves y = 0 and
y = 2sinx from 0 < x < 7 if its
density is given by p(x,y) = x.

2. the region D if D = {(x,y) |0 <
x <4,0 <y <3kplxy) =T+x"+

2

Y

3. The triangular region D with ver-
tices (O>O)/ (231)/ (0)3); p(XaU) =
X+y

Answer on Page 16
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1.3 Moment of Inertia

We can also use double integrals to find the moment of inertia of a lamina about a par-
ticular axis (we will extend this to 3-dimensional objects in the next chapter on triple
integrals). Recall that the moment of inertia for a particle with mass m a distance r from
the axis of rotation is mr?. Dividing a lamina into small pieces, we see that the moment
of inertia of each piece about the x-axis is:

() o (x5, u5) AA

Where xj; and yj; are the x- and y-coordinates of the small piece. The moment of inertia

of the entire lamina about the x-axis is then the sum of all the individual moments:

n
L=> Y (uj)’e lj»yi‘j)AA—”Dyzp(x,y) dA

i=1 j=1

Similarly, the moment of inertia of a lamina about the y-axis is:

n
S (k)70 (< uh) AA = Hszp(x,y) dA

1 =1

n
1=

Example: Find the moment of inertia of a square centered at the origin with side length
T and constant density p about the x-axis.

Solution: We can describe the square as the region bounded by D = {(x,y)| —1/2 <x <

r/2,—r/2 <y < r/2} with density function p(x,y) = p. Therefore, the moment of inertia
about the x-axis is given by:

/2 rr/2
L= J J py2 dy dx
—r/2J—1/2

/2 y=r/2
= pJ [ y3] dx
—r/2 y=—r/2

:F’Jr/z [Ts <_T3>] dx
3).,18 8
/2 3 3, (1/2
Lo o]
3)apl4 12 ) 50

12 =272 12

W[ —

We can also find the moment of inertia about the origin, I,. This is the moment of inertia
for an object rotating in the xy-plane about the origin. The moment of inertia about the
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origin is the sum of the moments of inertia about the x- and y-axes:

L=L+1= ”D (xz +y2) p(x,y) dA

Example: Find the moment of inertia about the origin of a disk with density p(x,y) = b,
centered at the origin, with a radius of a. Show this is equal to the expected moment of
inertia, %MRZ, where M is the total mass of the disk and R is the radius of the disk.

Solution: Since we are examining a circle about the origin, the region can be described
in polar coordinates as D = {(,0) |0 < r < a, 0 < 6 < 2m}. Converting from Cartesian
coordinates to polar coordinates:

I, = ” (xz +y2) b dA = Jarﬂr (r2> b de dr
D 0 Jo

a 27 4 4
b

:J r3dr-J bdo =< . 2nb) = *4
0 0 4 2

The total mass of this disk is the density, b, multiplied by the area, nta?. Therefore,
R=a

M = mta®b

Substituting into the result of our double integral, we see that:

na’b 5 a? RZ 1.,
2 —(”“b)'<z>—M'z—zMR

1.3.1 Radius of Gyration

When modeling rotating objects, it can be helpful to have a simplified model. A spinning,
continuous object can be modeled as a point mass by using the lamina’s radius of gyration.
The radius of gyration of a lamina about the origin is a radius, R, such that:

where m is the mass of the lamina and I is the moment of inertia of the lamina. Essentially,
we are finding a radius such that if the lamina were shrunk down to a point mass and
rotated about the axis at that radius, the moment of inertia would be the same.

We can also find radii of gyration about the x- and y-axes:

=2
my =L
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About the origin, R = ?J + ﬁz

Example: Find the radius of gyration about the y-axis for a disk with density p(x,y) =y
if the disk has radius 2 and is centered at (0, 2).

Solution: We are ultimately looking for a radius such that mx = Iy, so we need to know
the mass, m, and the moment of inertia about the y-axis, I. First, let’s find the total mass,
m, of the disk. We can describe the disk in polar coordinates as D = {(,0) |0 < r <
4sin 0,0 < 0 < 7}, and therefore the mass is given by:

7 r4sin O
m:” ydA:J J T (rsin®) dr de
D 0

T 4 sin ©
:J sinGJ r2drdo = - J sin © 4sm6 do
0

= ?Ksm“e do = ?J: <1_C2°S29> do = %4 <;> L (1—2c0520 + cos 20) ag
= %6 [(9 — sinZG)gj)T J: 14—(:%49 ] [ % <9 + lsm46> :::]
S5 ()
Now that we have found the mass, let’s find the moment of inertia, I:

4 sin 0
Iy = ” xzy dA = J J T (T cos 9)2 (rsin®) drdo
D 0 Jo

7 4 sin 0 7 1 0=4sin 0
—J [Coszesinej o dr} do —J cos? 0'sin O [rs} do
0 0 0 > oo
Tt 7t _ 3
_ 1024J c0s2 0sin® 0 do — 1024J 1+ cos 20 1 —cos20 0
5 Jo 5 Jo 2 2
1024 /1\* (™
= (2> J (14 cos20) (1 —cos20) (1 —cosZE))2 doe
0
64 (™
= 5L (1 — cos? 29) (1 — 20820 + cos? 26) do

4 (T
= 65J 1 —2c0s20 + cos? 20 — cos? 20 + 2 cos® 20 — cos* 20 dO
0

64 [T 1 40\?
:J 1— 205260 + 2 cos 20 (1—sir1226)—<+cos> ae
5 Jo 2
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64 ™ .5 1 7
= 1+ 2cos20sin“ 20 — — (1 + 2 cos40 + cos 49) doe
5 Jo 4

64 ™ 1 cos40 1 /14 cos80
— | 14+2cos20sin?20 — - — — "~ (=277

5 Jo + 2 cos 20 sin“ 20 1 2 4( 2 > do
_ 6450 1 5, sin4d sin807° 64 Sm_
5|18 3 8 64 e:o_ 5 8

We have found that m = 8m and I = 87. Substituting to find the radius of gyration:

m?z =1y
(87'()?2 =871
x=1

Therefore, the radius of gyration about the y-axis is X = 1

11
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Exercise 3 Moments of Inertia and Radii of Gyration

) ] ) —— Working Space
Find the requested moment of inertia and ‘
radius of gyration of the lamina with the

given density function.
1. about the x-axis, D = {(x,y) | 1 <
x <4, 0 <y < 3}, rho(x,y) = xy.

2. about the y-axis, D is enclosed by
the curves y = 0 and y = 2cosx
for —m/2 <x <m/2, p(x,y) = x.

3. about the origin, D = {(1,0) |1 <
r<2,0<0<m,p(r,0)=r.

\— Answer on Page 17 4

1.4 Surface Area
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1.5 Average Value

Recall that the average value of a one-variable function over the interval x € [a, b] is given
by:

1 b
fuve - J f(X) dX
a—bJ,

For a two-variable function, the average value over a region, R, is given by:
f L H f(x,y) dA
= —_— X
ave A ( R) R ) y

Where A(R) is the area of the two-dimensional region.

Example: Find the average value of f(x,y) = xy? over the rectangle with vertices at (—2,0),
(—2,4), (2,4), and (2,0).

Solution: The rectangular region has an area of (2—(—2))- (4 —0) =4 -4 = 16. Therefore,
the average value is given by:
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Exercise 4 Average Value

Working Space
Find the average value of the function

over the region D:

1. f(x,y) =xsiny, D = [0, 2] x[—7m/2,7t/2]

2. f(x,y) =x+y, D is the circle with
radius 1 centered at (1,0)

3. f(x,y) =xy, D is the triangle with
vertices at (0,0), (2,0), (2,2)

Answer on Page 19

1.6 Probability

1.7 Expected Values

This is a draft chapter from the Kontinua Project. Please see our website (https://kontinua.
org/) for more details.
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APPENDIX A

Answers to Exercises

Answer to Exercise 1 (on page 3)

L [[p(T+x*+y?) dA = fg fg (14+x*+y?) dydx= fg [y+x2y + %93]323 dx = fg 3+ 3x?

= [o (124 3¢) dx = [12x +x] ) = 12(4) +4° = 112
2. First, let’s visualize this region, since it isn’t a rectangle:
Y

Let’s divide the triangle horizontally and write equations for each of the sides that
do not lie on the y-axis.

Y
y=3—x
y=3
X

We see that we can describe region D as D = {(x,y) |0 < x < 2,5 <y < 3 —
x). Therefore [[,(x+y) dA = [ fx/z (x+y) dydx = [3[xy+ 1y ]3 i/zx
s (B3 =%) = (x(x/2) + 3 (B—x? = (x/2)%)] ax=J3 [(3x—x* = %) +1 (9 6x +x2 —

B[ g oo nof e (-5 g e [3-%] 7 -

15

+30)°]

v
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Answer to Exercise 2 (on page 7)

1. First, we find the total mass: m = [ [, 250X dy dx = ol xyly_ 55 dx = J5 2xsinx dx.

We apply integration by parts to evaluate the integral: [§ 2x sinx dx = (—2x cos x) [}=F
fgzcosx dx = [-27t(—=1)] — (0) + sinx[}_§ = 2t +sin7t —sin0 = 27

Now that we know m = 2m, we can find X and §: X = 27r Io zsmxx -xdydx =
+ o Xyly= S dx = L [Tx? (2sinx) dx = 1 fox sinx dx.

Applying integration by parts: 1 [ x?sinx dx= 1 [x* (—cosx) [’=F — [§ 2x (—cosx) dx]
=1 [(—m?cosm) +2 [y xcosxdx] = L [n? +2 [ xcosxdx] = 7r+ fo x cos x dx.
Applymg integration by parts again: 7t+2 [ x cosx dx = m+ 2 SInX| T—2 [ sinx dx

7rfosmxdx—Tch [cosx]zg—n—k [cos Tt — cos 0] = 7+ 2 (—1—1):7r—§:i

And finding §: § = 5~ [ zsmxy xdy dx = 5= [ [3xy? ]y 28 dx = =4 [axl x[2sinx]? dx

= 4[5 4xsin?xdx = ! [Txsin?xdx=1 [7x x1eos 29 gy — L0y dx—1 [T xcos (2x) dx

L [%Kj—l [Ixsin (2x)3=F — 1[5 sin (2x) dx] = 5= (%)—;—ﬂ [7rsin (271) — 0 + 5 cos (2x)[=7]

2n
T— L [3(cos2m—cos0)] = F

21

And therefore the center of mass is found at (X,7) = (m— %, %)

2. We know from a previous question that the total mass of this lamina is 112 (see
Finding Total Mass).

Finding%: X = 1l [g [3x (14 + ) dy dx =y [3 [3 (x4 +xu?) dydx= 113 [ [xy + %%y + 53]y

x=4
= 1 03 e+ 36 4 9 dx= g 3 e+ ) ax= 2y (22 15T = z<4)z—z<o)2+%—%}

_ 3 396 _ 3222223 _ 18
= 112 B2+ 64] = 33 22722 — 7

1
nzfo Y5 0] ax= 315+ ) ax= gy [ 210 = 4 (B

3130 _ 365 _ 195
= 353 (66+64) = 50 = 317 = 173
18 199

Therefore the center of mass of the rectangular region D is (%, 173

Finding : § = 115 [3 [oy (1 +x2 +y2) dydx= 15 3 [3 [y +xy +y¥] ydx= 5 [
)

3. We know from a previous question (see Finding Total Mass) that the total mass of D
is 6 and it can be described as D = {(x,y) [0 <x < 2,5 <y <3—x}

_ — =3
X =F o[ xe+y) dydx = L33 (F+xy) dydx = L[5 [Py + 39700, ) dx
1 2
0

g[x2(3—x—§)+§((S—X)z—(’j‘)z } dx = ¢ [3x2—x3—§+§<9—6x+x2—%)} dx
f(z) [3X2—%X +3 (9 6x+ )] dx = %fé [3x2—%x3+%x—3x2+§x3] dx =
: O[%X_EX]dXZGVXZ_?%Xﬂzo:%[%‘_%]:%[?_%]:]@'%:%:%

And finding y:



y?) 3
=%I§[%( %) ( —<%)3)} ax=113[3 (0
:%j§[§(9—6x+31)+§<z7—z7x+9x2—%)]d 112
=109 dxz‘g[%—%xz]i_é:%{3(2)—%(2)%=%

Answer to Exercise 3 (on page 12)

Iy = ”Dyzp(x,y) dA = f Jj y?(xy) dy dx

4 3 ; 4 1 4y:3 1 4
= xy’ d dx:Jx[ } dx:J
J]Jo v 1 4Y 0 4 )

y=

811 1 81, 81
w{f‘]vl S (#E-1) =T 5=

17

=3—x
dydx =[5 [3y* + 1] 2, dx

6x~|—xy—xg +3 (27 —27x +
9

x — 3x? —|—3x3—|—9 9x + 3x2 — 3%
2 3

81x dx

1215

To find the radius of gyration, first we need to find the total mass:

S R

bl ac e () -

Finding the radius of gyration about the x-axis:

/2 r2cosx
Iy :” xzp(x,y)dA:J J x?y dy dx
D

—mt/2 J0

?
4

6 —1] =

135
2

/2 1 y=2cosx 1 /2
= J x? [292} dx = J x% (2 cos x)z dx

/2 /2 1 2 /2
:2J xzcoszxdx:ZJ x? <+COSX> dx:J
/2 )2 2 /2

—pi/2

/2

x% dx + J x% cos 2x dx

—7t/2
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3]X=7/2 1, x=m/2 2 1
[x } + 5x“sin 2x| _ _ 2 sin 2x (2x) dx

x=—71/2 2
1 T\ 3 o 3 /2
= =) = (=) |- in2
[<2> ( 5 > ] Jn/zxsm x dx
) 3 /2 /2
(T[> — |:—1XCOSZX:| — J (—1 C052X) dx
8 2 x=—m/2 —m/2 2

3 B /2
Tt (@t (F)ewstm) - [pana] "

Tt us 7'[3 7T

=ttt =03

1
3

w

In order to find the radius of gyration, we need to first know the total mass:

/2 r2cosx
m=|| povwaa=|" [T yayex
D —m/2J0

/2 1 1 71/2 /2
:J 2|U ZCOSXd _J 4COSZXdX:J 1+ cos2x dx
/2 2 2 —7/2 —m/2

-] 7[/2
= [x + 5 sin Zx] =
2 x=—mt/2
Then we can find the radius of gyration about the y-axis:

=2

mx :Iy
2 ™ on
X T2 2
=71
*=V1272

We find the total mass:

2 U 2
m:” p(x,y)dA:J J rzdedr:J rzelgjgdr
D 0

1
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To find the radius of gyration about the origin:

Answer to Exercise 4 (on page 14)

1. The area of D is 27. Therefore the average value is:

1 1 2 rm
= ”stiny dA = I L Jo xsiny dy dx

2 2
- 1
= — — Y= = — — —
I L xcosyly:() dx 7 L x (cos T — cos0) dx
1 2 1 2
=— | (—)(=1-1 =—| 2
7 JO( x)( ) dx I Jo x dx

_ L2 2
x=0 T

27
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